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CONVERGENCE OF APPROXIMATE SOLUTIONS FOR WAVES .
IN A STRATIFIED FLUID WITH APPROXIMATED DENSITY DISTRIBUTION

V.F. SANNIKOV and L.V. CHERKESOV

Equations defining in linear approximation the wave motions in an arbitrarily strati-
fied fluid are derived. Investigation of convergence of wave solutions with approx-
imations pn(z) of the mean density profile p,(z) shows that uniform convergence of

on (B)to po(s) is the sufficient condition of convergence of wave equation solutions.
The convergence of solutions is uniform on sets of upper bound wave numbers and
lower bound phase velocities of waves. Examples that show that when the continuous
function po(z) is approximated by step-wide functions pa(2) the convergence of solu-
tions for internal waves is not uniform over the whole set of admissible wave
numbers and phase velocities of waves.

1. Unsteady wave motions of a horizontally unbounded layer of perfect incompressible
fluid whose density in the steady state depends only on the vertical coordinate z is defined
in linear approximation by the boundary value problem /1/, from which in /1,2/ were derived
for the vertical velocity component w the following equation and boundary conditions

il 28] e =0

sl . 2 92
(m—gA,)w=0 (z=0), w=0 (z=—H); A”=W+a—y3
where p, = po(2) is the fluid density at equilibrium, the 2z axis is directed vertically upward,
H is the fluid depth, and g is the free fall acceleration.

Elementarxry modes of motion in the case of small perturbations can be determined by setting

w=W(z)expli(x-x —0d)]; x=(z,y) (1.2)
where t = (4, v) is the horizontal wave vector and ¢ is the frequency. The substitution of
this expression into (1.1) yields the boundary value problem in eigenvalues with parameter
r: = pt 4 42

d aw —q d
5 (0-F) — (P + 807 - pu) rw =0 (1.3)
aW/dz — go~r*W =0 (z=0), W=0 (z = —H)

whose solution enables us to establish the dispersion formulas ¢ = ¢(r), ¢c=0r"! for the phase
velocity of wave propagation (1.2).

We assume in what follows that the fluid is stably stratified, i.e. p,(z) is a monotonic-
ally nonincreasing function and p,(z) > 0. When p,(z) is not everywhere differentiable, it
has to be assumed that Eq.(1.3) is satisfied for all z&(—H,0) for which p,(z) has a deriva-
tive, and the boundary conditions are to be supplemented by conditions of continuity of func-
tion W (z) and of total pressure /1/

d -
W@ 0@ [ —e | WeC(—H,0 (1.4)
Substitution of the independent variables
s={ @, =2 i=2

“H

reduces problem (1.3) with condition (1.4) to the form
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d*W -y O

dszl - [Px’-f-ga "E?—} Wy =0 (1.3)
dW,jds — gep, W, =0 {(s=1b), W, =0 (¢=20) (1.6}
W,, dWyids — gc™*p,W e C (0, b) {1.7)

(Mmo=weo nO=meo), b= § o'@F)

Integrating (1.5) twice from0 to s and taking into account the boundary condition at the
bottom, we obtain an equation of the Volterra type. The first integration yields

s

,Wf‘:(.ﬂ = _91%.@. -+ S Wi () [r%p? (@) da 4 g2 dp; (o)) (.8
L)
and after second integration we have
W () =522 1 (Wi (@) (6 — @) Irer® (@) de + g7 dpa (0)] (1.9)
0

Equations (1.8) and (1.9) retain their meaning also then when function p;(s) is not every-
where differentiable and has discontinuities. It can be shown that when function W, (s) is
continuous, the second of conditions (l.7) follows from formulas (1.8) and (1.9). Thus Eqs.
{1.8) and (1.9) are to be considered only with the first of conditions (1.6).

2., For the equation
WEO=06+{c—aW@dP@ ©0<s<H (2.1)
0

more general than (1.9) we have the following theorem.

Theorem 1. Let (s} be a continuous and @ (5) a continuous from the right functionwith
limited variation on the segment [0, ], Then Eg.{2.1) has a unigue solution in the class of
continuous functions on segment [0, ]

Proof. Proof of such theorem is given in /3/ (see Theorem 11.2.1) for the case when
¢ (s)is a linear function. Since uniqueness of solution of Eq.(2.1) in the case of an arbitr-
ary continuous function ¢ (s) does not differ from that considered in /3/, we shall prove only
the existence of solution.

We assume, in conformity with /3/, that in Eq.(2.1) ®{s) is a step function with a fin-
ite number of discontinuities at points &, whereQ <« s < ...<<s,< b. For such function
® {s) the solution of Eg.{2.1) is of the form

WE =g+ 2 Weds—s)®s) — Ol —0) (2.2)
<8
Taking in equality (2.2) absolute values, we obtain the estimates
.3
W) | < Fyry 0T sy <8< kg (k=0,1,.. ., 5 =0, (2.3
Spey == b)
k
Fryy=N+ b%l“’(ﬂ)l&N’L Fi=N
(¥ =max |9 (s) |, A [P]= | D () — D (i —0) ])
from which we have
Fynn = Fy + b | W () | & [@]< Fy exp {bAx [@]}
and, consequently,
k
Fk+1<NexP{b21Ai (@)} (2.4)

Formulas (2.3) and {2.4) yield the estimate of solution of Eq.(2.1) on segment [0, b]

| W (8 | << Nexp {3V (@]} (2.5)
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where V¥ [d] is the total variation of function @ (s) on segment [0, b].

Let us now make only the assumption that @(s) is a function of limited variation contin-
uous on the right. We approximate @(s) by the sequence of step functions @, (s} (n=1,2,...)
and construct respective solutions of W, (s) in the fomm

Wa ()=o) + § 6 — 0) W, (0) d®, (@) (2.6)

We select functions @, (s) so that each of them as a finite number of discontinuities,
that at discontinuity points values of @, (s} and @ (s) are the same, and that at every point
of segment [0, 8] functions @, (s) converge to P (5). Under these conditions the variations of
functions @, (s) and solutions of Egs. (2.6) are uniformly bounded.

VIO IS VIDL | Wa(s) | << N exp {3V [D]} (2.7

Moreover the sequence W, (s) (n=1,2,...) is equicontinuous. Indeed, from (2.6) we have

W (82) — Wi (51) = @ 82)— 9 {81) + {82 — 51) S Wa () d®, () + S {ss — a} W, (o) dDp (@)

Taking in this equality absolute values and evaluating the integrals using the mean
value theorem for the Stieltjes integrals, we cbtain

[ Wa(s) — Wals) | < @) — @) |+ 18— 81 X VIOIN exp BV (@]} (2.8)

Applying the Arzela principle of compactness, we conclude that there is an infinite seg-
uence of values of n such that the solution of Egs. (2.6) uniformly converges to the limit func-
tion W (s). Passing in equality (2.6) to limit with n— o, we find /3/ that function W (s)
satisfies Eq.{2.1) and inequality (2.5). The theorem is proved.

Remark. 1If the conditions of Theorem 1 are satisfied and function @ (s) has bounded vari-
ation on segment [0, 5], the solution of Eg. (2.1) has a bounded variation on [0, 3. By virtue of
uniformity estimate (2.8) we have

VIWI< VD] + bV (@] N exp {6V [O]}

Theorem 2. Let the conditions of Theorem 1 be satisfied, function ¢ (s} have a bounded
variation on segment [0, b}, and @, (5) be a sequence continuous on the right functions of bound-
ed variation on [0, b] uniformly converging to @ {s). Then solutions of Egs.(2.6) are also uni-
formly convergent to the solution of Eq. (2.1).

Proof. Composing the remainder of Egs.(2.1) and (2.6) we obtain

8

W () — W, ()= n (94 § (s — @) W (@) — W, (@)1 4D, @) (2.9)

o

on®) =6 — ) W (@ d[® (@) — @, ()]

0

Considering (2.9) as the equation concerning functions U, (s) == W (s) — W, (s) and using
the estimate (2.5) we obtain

[ U, () | < max | g, (s) | exp {bV [@,1} (2.10)

The estimate of | ¢, (s)] is obtained by integration by parts and, then, the mean value
theorem. As the result, we have

[ @n (&) |<B{IW(O) ||D(0) — Dy (0) | + max | D (s) — (2.11)
@, (s) | [V W]+ max | W (s) | 1}

Owing to the uniform convergence of functions @, (s) to @ {s) the quantities V[D,] are
uniformly bounded and max |, (s} [>0 as n-—> co. It now follows from ineguality (2.10) that

the solutions of Egs, (2.6) uniformly converge to the solution of Eq.(2.1l). The theorem is
proved.

3. The input equation (1.9) is a particular case of the considered above Eq.(2.1) with
functions
8

¢(8)=-s—d%‘(—°l, ®(S)=r‘Sp1’(a)da+gf’px(S) (3.1)

o
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satisfying the conditiocns of the above proved Theorems 1 and 2.

It has been thus established that the integral equation (1.9) has a unique continuous
solution for which estimate (2.5) is valid. Moreover, solutions of equations of the form (2.6)
uniformly converge to the solution of Eq.(1.9), when the density approximation p, (s) (n > 2)
uniformly converges to function p, (s).

Then, applying the results of /3/ we formulate the following statement, The derivative
in the right-hand side when Q<(s<(b of solution of Eq.(1.9) is defined by equality (1.8)
(for the continuous on the rlght function p,(s))- Function dW, (s)/ds is the bilateral deriva-
tive of W, (s} at points where function p,(s) is continuocus or W, (s) = 0.

If function p, (s) uniformly converges to p:1{(s) on segment [0, b} as n-— oo, then also
the derivatives dW, (s)/ds defined by the equalities

W ,
ALE SR LU +S (94D, (5), (3.2)

O, () =17 { pu? @ da + g7 (9)

and (2.6) uniformly converge to the derivative of solution of Eq. (1.9).
Indeed, by constructing the remainder of equalities (1.8) and (3.2), we obtain

e _ dn;: ®) =§[W (@) — Wy (@)] 4D, (&) — SW1 (@) d[®, (@) — D (@) (3.3)
o o

Integration by parts the second integral in the right-hand side of formula (3.3) and
application of the mean value theorem yield

aw
|20 _ TEa ) | max | (5) — Wi )|V (9] +

max | @ (s) — @, (s) | {max |Wy(s)| -+ V [W1]}

(3.4)

whose right-hand side approaches zero as Rn—» oo,
In the variance equation

dWyids — gcp, W, =0 (s = B)
and in Eqgs.(1.8) and (1.9) appear two parameters: r and ¢. The estimates (2.10) and (3.4)
are not uniform in the range of possible variation of parameters r and c¢. They are uniform
only for bounded above r and bounded below phase velocity ¢. Analysis of the asymptotic be-
havior of function ¢ =c¢(r) as r— oo shows that in a stepwise stratified fluid ¢ =0 (') /4/,
while in fluid with a continuous mean density profile ¢ = O (™).

Example 1. Let the fluid density in the unperturbed state be defined by the law p(2)
= p, exp (—kz), where > 0. The analytic solution of the variance equation for this model was
obtained in /1/ using the "solid cover" approximation

O = ghr* [r® - K4 4 nH2 (j — 137! (3.5)
where o; is the j-th frequency mode for the wavenumber r. We divide the fluid layer —H
:< .0 in n layers of equal thickness %, = H/»n in each of which density is assumed constant
and equal that of the middle layer go(2). In this case the variational equation for a multi-
layer f£luid under condition of "solid cover" is of the fomm

Ry (s =0 (3.6)
where R, is defined by the recurrent formula /4/
Rpy =0, Rn=1, Rm= By, bn (1 + vn) — &a] ~ vad? (5,2 — ) Rpnye (3.7
A= (grth " %0%, v, = exp (—kka), Bn =141 —n, ba=threcthrm,
Using (3.7) we prove by inducation the validity of formula

sin[(n+1—m) (/2 —6)] (3.8)

cos 6

R, = [A*y,, (b, -~ thir))mm/
(m=n+1,n,...,1)
A, (147, —e, ]

0= HCSID[WWW
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The zeros of R, (8) are obtained analytically. We have
n LI .
=5 —50(—1 (=23...n

Having determined 0; we obtain exact variational equations for the multilayer model that
approximate continuous stratification by the exponential one

k"n khn oo -1 .
c:]..—.—.grshrh”ShT chrhﬂch—z-——-cos—;(]—i) (1 =2,3,...,n) (3.9)

whose expansion in series in parameter n! of function oy yields

5%, = ghrt ! - 2T Ikt + 0 (n 3
i— 2 - %]
" r2+—’::—+n2 =2 —1)? 12n r2+—k4—+ neH-2 (f — 1) ] (3.10)

The first term of this expansion is the same as in (3.5), hence

lim opy* = o}
N—x

The second term of expansion (3.10) approaches zero uniformly with respect to r and j
as n—oo, wWhile the asymptotic behavior of ¢,p and op differs as r—s oo,
It follows from (3.5) and (3.9) that

kh
sf=gk, of;=grth 2"‘ (r>1)

For the multilayer model the vertical velocity component of the j-th mode at points
2m = —(m/n)H is determined by formula

hrrh" cosec [n (i: 1)] W, (— H)exp ["H fn=m -z—nm) 1 X sin [ﬂ(f— 1) *(n:m) ]

8|
W"j (3,,) =

and in the case of continous stratification

H (n—m . ) (n —m)
W, (z,) = mwz (— Hyexp [kH __—2n—_)-] sin [n G —1) ——n——-]
Obviously
’}im Waj (z2m) = W (2m)
and this passing to limit is not uniform with respect to r and j.

Example 2. In /4/ for continuous density distribution on discontinuity layer formulas

21 (—H;<3K0)
Po(z)=[91°1?[—k(3+ﬂl)] (—H; <z —Hy) (3.1D)
prexpk(H;—H)) (—Hy<z<—Hy)

Hy =20, Hy=170, Hy= 2070 m, k(H, — Hy) = 0,002

are given, and for stepwise distributions p,(z) that approximate py(s) results of calculations
of phase velocity propagation are given for long internal waves. Numerical calculations had
shown /4/ that as pn(s) and po(s) approach, the phase velocities in the case of multilayer

model approach the phase velocities of the continuous mode.

The convergence rate decreases
with increasing mode number.

Table 1
r n=1 52 102 202 c
0.0 5.0 3.54 3.51 3.494 3.492
0.5 3.1 2.61 2.57 2.556 2.552
1.0 2.2 1.78 1.72 1.699 1.693
1.5 1.8 1.35 1,26 1.230 1,222
2.0 1.6 1,10 0.99 0,957 0.946

The variational dependence of phase velocity of the tenth internal mode on the wave
number r are shown above for the same density distribution (the respective column is marked
by letter c)andseries meaningsnof several multilayer approximations p,(s) . Multilayer ap-
proximations are constructed as follows. The layer of discontinuity(—H,<:z< —H;)was divided
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in (» —2) layers of equal thickness, density pn(s) in each layer was assumed equal to the dens-
ity po(z) in the middle layer. The tabulated values in Table 1 are dimensinal: that of the
wave number is m — and of phase velocities cm.sec . The multilayer approximation yields in
this example somewhat higher phase velocities which diminish monotonously as the number of
layers is increased. The convergence rate decrease with increasing wavenumber r. However
the multilayer approximation po(z) enables the determination of phase velocity of the first
ten internal modes with an accuracy of 5% in a fairly large range of wave lengths between 3m
an infinity with » = 102.

We would also point out that the use of multilayer approximations of density distribution
provides means for obtaining wave field characteristics in a form convenient for numerical
computations in the form of recurrent formulas of the type (3.7).
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